Both the dual curvature tensors, which can characterize the dynamics of gravitational charge/monopole, and the gravitational field equation of gravitomagnetic matter are presented in this paper. We consider the properties and mathematical form of the antisymmetric source tensor of gravitomagnetic matter field (Fermionic and Bosonic field) and the dual spin connection in the field equation of the gravitomagnetic Fermionic fields. In addition, the dual relationship between the two dynamical theories of gravitomagnetic charge (dual mass) and gravitoelectric charge (mass) is also taken into account in the present paper.
I. INTRODUCTION
The gravitomagnetic monopole possesses the dual charge to the mass. In this sense, the gravitomagnetic charge can also be referred to as the dual mass [1] . Some authors referred to it as "magnetic mass" or magnetic-type mass (magnetic-like mass) [2] . Newman et al. discovered a stationary and spherically symmetric solution (now known as NUT solution) that contains a second parameter ι besides the mass m, and regarded as the empty-space generalization of the Schwarzschild solution [3] . Demiansky and Newman found that the NUT space is in fact the spacetime produced by a mass which has a gravitomagnetic charge [4] . Dowker and Roche independently rediscovered this interpretation of the NUT parameter ι [5] . The cylindrically symmetric solution of gravitomagnetic charge (i.e., cylindrical analogue of NUT space, which is the spacetime of a line gravitomagnetic monopole) [6] was considered by Nouri-Zonoz in 1997. Lynden-Bell and Nouri-Zonoz gave a new and more elementary derivation of NUT space based on the spherical symmetry of its gravitoelectric and gravitomagnetic fields and the spherical symmetry of its spatial metric γ ab [7] . They proved that all geodesics of NUT space lie on spatial cones and use this interesting theorem to determine the gravitational lensing properties of NUT space [7] . Miller studied the global properties of the Kerr-Taub-NUT metric [8] . Zimmerman and Shahir considered the geodesics in the NUT metric and found that the NUT geodesics are similar to the properties of trajectories for charged particles orbiting about a magnetic monopole [2] . Recently, the quantal field and differential geometric properties and related topics associated with the NUT space attract attention of several researchers. Bini et al. investigated a single master equation for the gauge-and tetrad-invariant first-order massless perturbation describing spin ≤ 2 fields in the Kerr-Taub-NUT spacetime [9] . In their another paper, Bini et al. analyzed the parallel transport around closed circular orbits in the equatorial plane of the Taub-NUT spacetime to reveal the effect of the gravitomagnetic monopole parameter on circular holonomy transformations [10] . As far as the quantization of gravitomagnetic monopole is concerned, historically, many authors considered this problem by analogy with Dirac's argument for the quantization of magnetic charge [5, 12, 13] . It is clear to see that such an idea (as Dirac's theory) might not lead to a consistent quantum field theory for the gravitomagnetic charge [7] .
Lynden-Bell and Nouri-Zonoz thought that it is natural to ask how general relativity must be modified to allow for gravitomagnetic monopole densities and currents [7] . They conjectured the generalization will be to spaces with unsymmetrical affine connections which have nonzero torsion [7] . However, by analogy with the electrodynamics which is changed to include ∂ µF µν = j ν m but do not come with an additional vector potential [7, 11] , here we will suggest another alternative to this problem, i.e., constructing an antisymmetric dual Einstein tensor to describe the gravitational field produced by gravitomagnetic matter. This paper is organized as follows: in Sec.II, by considering the connection among the NUT solution, the Einstein equation and the dynamics of gravitomagnetic matter, it is shown that gravitomagnetic matter requires a gravitational field equation; in Sec.III, we study the dual Riemann curvature tensor and dual Ricci curvature tensor. The relationship between these dual curvature tensors and the Einstein (and Ricci) tensor is also demonstrated. In Sec.III, we take into consideration the comparison of the gravity theory (involving the Levi-Civita tensor and dual curvature tensors) with the electrodynamics, which will provide clue to us on how to construct the gravitational field equation of dual mass (and hence its dynamics). Several fundamental subjects regarding the dynamics of gravitomagnetic matter are discussed in Sec.IV, which are as follows: (i) by using the variational principle, the antisymmetric dual Einstein tensor is obtained from the variational principle with the dual curvature scalar; (ii) the antisymmetric source tensor of dual mater is also constructed; (iii) the dual spin connection which will arise in the field equation of dual mass is briefly suggested. In Sec.V, we briefly discuss the dual relationship between the two dynamical theories of gravitomagnetic charge (dual mass) and gravitoelectric charge (mass). In Sec.VI, we conclude with some remarks.
II. WANTING A GRAVITATIONAL FIELD EQUATION NECESSARY
Is gravitomagnetic monopole required of its own gravitational field equation for dealing with its gravitational effects (properties, phenomena)? Before proceeding with the treatment of dynamics of gravitomagnetic matter, we shall here consider a problem associated with the relationship among the field equation, solutions and the Bianchi identity.
In general relativity, NUT solution (named after Newman, Tamborino and Unti) g µν (m, ι) is the one describing the gravitational distribution produced by both the gravitoelectric charge (with mass m) and the gravitomagnetic monopole (with dual mass 1 ι) fixed at the origin of the coordinate system. Since it is well known that the NUT solution 2 Note that, in this paper, for the electrodynamics, the Levi-Civita tensor refers to that in Minkowski flat spacetime, while for the gravity theory, µναβ stands for the Levi-Civita tensor in the curved spacetime. 3 The Wu-Yang solution is of the form (in spherical coordinate system) Ar = 0,
, which is a nonanalytical function. j ν e . In fact, not all the analytical solutions which agree with ∂ µF µν = 0 do not satisfy the equation
The reason for this may be as follows: for the latter field equation, the former equation is merely a Bianchi identity. Similarly, for the magnetic charge, ∂ µ F µν = 0 should also be viewed as a Bianchi identity, which may also be seen as follows: if the dual electromagnetic field tensor is defined to beF µν = ∂ µÃν − ∂ νÃµ , and the electromagnetic field tensor F µν expressed in terms of the dual electromagnetic field tensor takes the form
µναβF αβ , then the electromagnetic field equation of electric charge (∂ µ F µν = 0 without the electric current density) can be just rewritten as the form of a Bianchi identity. Thus, we show that the equation ∂ µ F µν = 0 in the framework of dual 4-D potential vectorÃ ν is truly a Bianchi identity. Since ∂ µ F µν = 0 is only a Bianchi identity for the magnetic charge, it cannot be the electromagnetic field equation of magnetic monopole (similarly, Einstein's equation in empty spacetime is not the gravitational field equation of gravitomagnetic matter, either), and naturally not all the solution satisfying this Bianchi identity may satisfy ∂ µF µν = j ν m and hence these solutions may not surly belong to the magnetic monopole (similarly, Einstein's equation cannot govern the gravitational distribution generated by gravitomagnetic matter).
III. DUAL CURVATURE TENSORS IN RIEMANN SPACE
In Sec.II, we showed that the investigation of gravitational distribution near a gravitomagnetic charge/monopole should start with the needs of a gravitational field equation.
In order to discover the gravitational field equation of gravitomagnetic matter, we will proceed in a manner entirely analogous to what have been done for that of magnetic monopole (i.e., first we define the dual electromagnetic field tensorF µν , and then we obtain the quantity ∂ µF µν from the variational principle with the dual Lagrangian density). To lay a mathematical foundation for the field equation of dual mass that we will develop in the next section, first we consider the properties of dual curvature tensors in Riemann space. The right-and left-dual Riemann curvature tensors may be defined to be as follows
and consequently, the corresponding dual Ricci tensors take the form
respectively. Note that τ λσ ν R µτ λσ ≡ 0, i.e., the right-dual Ricci tensor R * µν is identically zero. So, we think that R * µν may have no important value in dealing with the dynamics of dual mass and therefore we abandon it 4 and only adopt the left-dual curvature tensors in the following discussion. In particular, in what follows, the left-dual Riemann tensor and its corresponding dual Ricci tensor will be denoted respectively byR µτ ων andR µν , i.e.,
To consider further the properties of dual curvature tensor, we will present the following three interesting and useful identities regarding the above-mentioned dual curvature tensors:
The proof of the first identity in Eq.(3.4) is given in the Appendix 2 to this paper. Now let us look at the second identity in Eq.(3.4), which can be easily verified as follows: 
Thus we obtain 1 2
It follows that 1 2 8) which is easily seen to be identical to one of the third set of identities in Eq.(3.4). Furthermore, by the aid of the formula in Appendix 1, one can obtain
, which is the other one of the third set of identities in Eq.(3.4).
IV. THE CONNECTION BETWEEN THE GRAVITY THEORY AND THE ELECTRODYNAMICS
It is useful to consider the analogy between the gravity theory and the electrodynamics in developing the gravitational field equation of dual matter.
The first analogy between them is that the Lagrangian density of electromagnetic fields can be constructed in terms of the dual field tensorF µν , i.e., with R being the curvature scalar. The second analogy is that one can obtain the term ∂ µF µν that appears on the left-handed side of the electromagnetic field equation of electric charge current from the variational principle with the dual Lagrangian density
Note that here the variational principle is applied to L with respect to A µ . In the similar manner, for the gravity theory, the dual Einstein tensorG µν can also be derived via the variational principle with the dual curvature scalarR, i.e.,
where Ω denotes the spacetime region of volume integral and dΩ is the volume element. The dual curvature scalar R is defined to beR = g
The relation (4.3) will be developed in Sec.V. 5 It follows from the formula presented in the Appendix 1 to this paper that the inner product of two Levi-Civita tensors/symbols (where the summation is to be carried out over the repeated index µ = 0, 1, 2, 3) reads
The
In the meanwhile, there exist the similar relations between curvature tensors and their dual. For example,
Note that the first expression of Eqs.(4.6) is due to the definition of the dual Ricci tensor R µν in (3.3) , and the second expression Eqs.(4.6) can be derived from the second identity in Eqs. (3.4) . We have, therefore, investigated in detail the properties of dual curvature in Riemann space. Thus, the foundation of the dynamics of gravitomagnetic matter is laid in the preceding sections. Moreover, we have also discussed the problem of the requirement for a gravitational field equation of gravitomagnetic matter in studying the gravitational field produced by the gravitomagnetic charge and the equation of motion of gravitomagnetic monopole. In the following section, we will derive the gravitational field equation of gravitomagnetic matter from the variational principle with the dual curvature scalar.
V. GRAVITATIONAL FIELD EQUATION OF GRAVITOMAGNETIC MATTER
A systematic procedure for the gravitational field equation of gravitomagneti field will be developed in this section. It will lay a physical foundation for the mathematical formalism in Sec.IV.
A. Dual curvature scalar and variational principle
The dual action I of the gravitational field produced by the gravitomagnetic matter is of the form [1, 14] 
which is a four-dimensional volume integral of the dual curvature scalarR. Note that the dual Ricci tensorR µν is asymmetric in µ, ν. So in Eq.(5.1), we introduce a certain parameter ζ to rewrite the dual action I . The variation of the action I is
2)
The first term on the right-handed side of Eq.(5.2) can be rewritten as
Now in the following we will calculate the second term on the right-handed side of Eq.(5.2). For convenience, we set A = Ω √ −gg µν (1 − ζ)δR µν + ζδR νµ dΩ. The infinitesimal variation of the dual Ricci tensor δR µν is given
In the Appendix 3, we show that the variation Ω √ −gg µν 1 2 λστ µ δR λστ ν dΩ is actually a surface integral over the boundary of the volume, namely, it can be transformed into a four-dimensional volume integral of a divergence. Since the variational principle assumes that the variation δg µν vanishes on the boundary, it follows that
λστ µ δR λστ ν dΩ gives no contribution to the variation of the action and therefore has no effect on the derivation of the dual Einstein tensorG µν . We can, therefore, ignore this term 6 
In the same fashion, the term Ω √ −gg µν δR νµ dΩ in A can be rewritten in the form
By introducing two parameters ξ and ς, Eq.(5.6) and (5.7) can be rewritten as
and
Hence, by using Eq.(5.8) and (5.9), one can express the second term on the right-handed side of Eq.(5.2) (i.e.,
Namely, we have
It follows from Eq.(5.2), (5.3) and (5.11) that the variation of I is finally given 6 Someone may argue that due to the symmetric property of the Christoffel symbol Γ λ µν in µ, ν, it is apparent to see that the integrand g µν λστ µ δR λστ ν is identical to zero, and it may drop out of the variation δI immediately. For the dual formalism, however, this viewpoint is not appropriate for determining the dual Einstein tensor. To derive the dual Einstein tensor in a stringent way, we should show that g µν λστ µ δR λστ ν can be rewritten as a covariant divergence of a certain vector.
If we set I = 
. This, therefore, means thatG µν may truly serve as a dual Einstein tensor and would appear on the left-handed side of the gravitational field equation of gravitomagnetic charge. Clearly, the formalism for the dual Einstein tensor which we have developed here is rigid.
B. Antisymmetrical source tensor
The preceding subsection shows that the dual Einstein tensorG µν is a second-rank antisymmetric one. So, the source tensor of gravitomagnetic matter, which appears on the right-handed side of the gravitational field equation of gravitomagnetic charge, should also be an antisymmetric one [1, 14] . Such antisymmetric tensors which are constructed in terms of the four-dimensional velocity vector U ν and its covariant derivatives with respect to the spacetime coordinates may be only the following two forms
So, the second-rank antisymmetric source tensor of gravitomagnetic matter can take the following form (i.e., the linear combination of K µν and H µν ) 
, and the antisymmetric tensor K µν is therefore
, in terms of which the antisymmetric source tensor S µν of the gravitomagnetic Bosonic field can also be obtained.
C. Gravitational field equation of gravitomagnetic matter
In accordance with the above discussion, we discover the gravitational field equation of gravitomagnetic matter as follows (covariant form)G µν = S µν .
(5.17)
Note that Einstein' field equation is of symmetry in indices. In contrast, here the gravitational field equation is a antisymmetric one. Now let us discuss the equation of motion of a gravitomagnetic monopole as a test particle (or a particle system composed of gravitomagnetic monopoles). According to the gravitational field equation (contravariant form)
we set a second-rank antisymmetric tensor Z µν = S µν −G µν , the covariant divergence of which is expressed by 18) . On the contrary, we prefer to consider it as the result of the covariant divergence of the field equation Eq.(5.18). This, therefore, implies that the equation Z µν = 0 is inevitably in connection with the equation of motion of a system of particles consisting of gravitomagnetic charges. The following calculation will confirm this interpretation:
It is noted that the second term κ 2
which is a gravitational (gravitomagnetic) Lorentz force, the electromagnetic counterpart of which is g µναβ (∂ α A β − ∂ β A α ) U ν with g representing the magnetic charge. The fact that ∼ κ 2 µναβ (∂ α g β0 − ∂ β g α0 ) U ν resembles the expression for the Lorentz force in electrodynamics means that the equation Z µν = 0 contains the dynamical equation of motion of a particle system consisting of gravitomagnetic charge.
D. Dual spin connection
In this subsection, we will discuss the dual covariant derivatives,∇ µ ψ, of ψ. The dual spin connection of∇ µ ψ = In electrodynamics, it is shown that the dynamics of magnetic charge is just the dual theory to that of electric charge (for a concise formalism, see Appendix 5 to this paper). This phenomenon arises also in gravity theory. Now we are therefore led to consider in detail the dual relationship between the two dynamical theories of gravitomagnetic charge (dual mass) and gravitoelectric charge (mass). First we define a second-rank antisymmetric gravitational potential tensor h µν as an alternative to the description of the gravitational field. Such antisymmetric gravitational potential tensor h µν may be so defined that the following expression
is satisfied, where σ(x) is a scalar function. Define a functional of h λσ , say, N τ ωνµ h λσ , which is assumed to contain the derivatives of h λσ up to second order (i.e., it contains ∂ θ h λσ , ∂ θη h λσ ) 7 . Based on this, we assume that the gravitational Lagrangian density is chosen to be 7 It is assumed that the field equations associated with the gravitational field is often of second differential order.
By using the Euler-Lagrange equation, if the following equation is satisfied (6.5) with T θµ being the energy-momentum tensor of matter. In this sense, we have found the dual relationship between the theories of mass and dual mass, and therefore developed a dual formalism (in terms of the antisymmetric gravitational potential tensor h λσ ) which can express Einstein's equation in its framework.
VII. CONCLUDING REMARKS
This paper gives a concise presentation of the mathematical formalism of the dynamics of gravitomagnetic matter. We derive the antisymmetric dual Einstein tensor from the variational principle with the dual curvature scalar, and construct an antisymmetric source tensor, which appears on the right-handed side of the gravitational field equation of gravitomagnetic matter. It may be believed that, as Lynden-Bell and Nouri-Zonoz stated [7] , the above-developed gravitational field equation might introduce a greater degree of physical understanding of NUT space (and Taub-NUT space).
It follows from the point of view of the classical field equation that matter may be classified into two categories, i.e., the gravitoelectric and gravitomagnetic matter. It is clear that the concept of mass is of no significance for the gravitomagnetic matter. In this sense, we can say that the gravitomagnetic matter possesses the dual mass.
We think that there might exist formation/creation mechanism of gravitomagnetic charge in the gravitational interaction, just as some prevalent theories provide the theoretical mechanism of the existence of magnetic monopole in various gauge interactions. If the gravitomagnetic monopoles truly exists in Universe, it will inevitably give rise to significant consequences and may also play an essential role in cosmology. So, we conclude that both the dynamics of gravitomagnetic matter and the related topics associated with NUT space deserve further consideration.
One of the most important properties of the Levi-Civita tensor is that its covariant derivative is vanishing, which may be proved as follows:
The covariant derivative of µνθτ is given The above theories are dual to each other and, furthermore, equivalent to one another. This, therefore, implies that one can study the electrodynamics not only in the framework of A µ but also in the one ofÃ µ . In Sec.VI, the similar dual phenomenon in gravity theory is discussed, where a second-rank antisymmetric tensor h µν is defined to describe the gravitational field. So Einstein's field equation can also be expressed inside the framework of h µν , just as the fact that the electrodynamics can be described in the framework ofÃ µ .
